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Abstract — The rotary inverted pendulum is one of the fundamental problems existing in the field
of Control Engineering. This mechanism possesses a high degree of non-linearity and hence, it is a
highly unstable system. The basic control intention of the rotary inverted pendulum is to sustain the
unstable equilibrium position. Since the rotary inverted pendulum is an under-actuated mechanism,
the control can be done regulating the force applied to the actuator. In this paper, the mathematical
model of the mechanism is presented. From the mathematical model, the fuzzy logic controller
scheme was developed. A comparison of the performance of fuzzy logic controller and PID
controller was presented. The performance of the proposed control algorithms was evaluated by
means of digital simulation through MATLAB/Simulink.
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I. Introduction

The inverted pendulum is one of the few mechanisms
that is gaining more and more attention lately. Generally,
it is an open-loop and closed-loop unstable system with
the highly non-linear system in nature [1-2]. Apart from
that, inverted pendulum system is an example of under-
actuated mechanical system which has fewer control
inputs rather than its degree of freedom. The inverted
pendulum system was early studied when there is a need
to design a controller to maintain the balance of rockets
during vertical take-off. During the launching of a rocket,
the thrust force that pulls the rocket move upwards is
opposing the gravitational force, causing the rocket is
extremely unstable. Similarly, the inverted pendulum
requires a continuous correction mechanism to stay
upright as the system is unstable in open loop
configuration. Although the inverted pendulum system is
difficult in control, researchers are keen on its advantages
in development in wide range applications such as
robotics, aerospace engineering and marine engineering.
As the inverted pendulum system is essentially unstable,
therefore the main issue of inverted pendulum system is
that how is it necessary to control the inverted pendulum
so that its equilibrium at the steady state conditions.
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Typically, the inverted pendulum system has two
classical form which is linear inverted pendulum (LIP) and
rotary inverted pendulum (RIP) [3]. LIP systems are
running on the straight path to balance the pole whereas
the RIP systems are performing swing up. The simple
linear pendulum has long proved a useful model for more
complicated physical systems, and its behavior in the
small-amplitude limit provides a realistic yet solvable
example for students in introductory classes. Although the
force-free, frictionless pendulum can be solved exactly for
all amplitudes in terms of elliptic integrals, the solution is
found that less useful when taking into consideration of
damping and external driving [4]. Yet, the studies on the
details of the rich non-linear dynamics of the damped,
force-driven pendulum can be done easily nowadays with
the advancement of the desktop computer. In this journal,
the control of rotary inverted pendulum using a fuzzy logic
controller is discussed.

II. Rotary Inverted Pendulum

Generally, Rotary Inverted Pendulum system (RIP)
consists of a driven arm which rotates in the horizontal
plane and a pendulum mounted on a hinge that is free to
rotate in the vertical plane [5-7]. Other than that, the
advantage of the small workspace required has made it
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widely implemented in conventional cart type pendulum
system as the pendulum has a circular trajectory. In the
field of control theory, the inverted pendulum control is
one of the fundamental which is very interesting yet
challenging topic. The rotary inverted pendulum is a very
good model for the attitude control of a space booster
rocket and a satellite, automatic aircraft landing system,
aircraft stabilization in the turbulent air-flow, stabilization
of a cabin in a ship and so on. However, in order to solve
such problem with a non-linear time variant system,
alternatives such as real-time computer simulation of these
equations or linearization must be used. Apart from that,
it also has its own deficiency due to its properties of non-
linear and unstable in control system.

Up until today, many techniques have been undertaken
to stabilize the linear inverted pendulum system as well as
rotary inverted pendulum system. Figure 1 shows the
rotary inverted pendulum which is driven by a rotary servo
motor system (EMECS). Basically, the servo motor drives
an independent output gear whose angular position is
measured by an encoder. The second encoder is attached
at the end of the pendulum arm which measures the
angular position of the pendulum. The system is interfaced
by means of a data acquisition card and driven by
MATLAB/Simulink based real-time software.

Fig. 1. EMECS Inverted Pendulum by Terasoft Inc.

III. Fuzzy Logic Controller

A fuzzy logic controller is a biologically inspired
controller scheme which is derived based on the cognitive
psychology of human brain. The term fuzzy refers to the
indistinctive concept that exists between the logical value
of “true” or “false”. The construction of the controller is
designed to imitate the human inference capability, a
process in which human reaching a conclusion based on
what they know. One of the main advantages of this
modern control scheme is that human know-how are able
to be implemented during the controller design stage since
the solution to the problem is understandable by human.
Hence, a significant increase of fuzzy logic
implementation can be observed over the years.
Deployment of fuzzy logic control covers a wide range of
industry sectors such as aerospace, engineering,
automotive and oil, gas and geosciences [8-14].
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Fig. 2. Basic Configuration of Fuzzy Logic Controller.

Fuzzy Logic controller scheme comprises of four main
entities namely the fuzzification element, knowledge base,
inference engine and the defuzzification element. The
basic structure of fuzzy logic control is as depicted in
Figure 2.

The fuzzification element serves as the overriding body
to translate the system’s variable into appropriate
linguistic variables understandable by the controller. On
the other hand, the defuzzification element operates in a
manner that is vice versa to the fuzzification element. The
defuzzification element translates back linguistic variable
into system variables. The knowledge base is a methodical
expression of vague antecedents and consequents. These
expressions are represented through linguistic variables
and are classified as rules. The inference engine is the
decision-making part of the controller in which all the
conclusions are reached based on the rules governed by
the knowledge base.

IV. Mathematical Modeling of Rotary
Inverted Pendulum
Figure 3 shows a free body diagram of the Rotary

Inverted Pendulum. The system variables and parameters
are defined in Table 1:

torgue

Fig. 3. Simplified Rotary Inverted Pendulum.

From the derivation and linearization of the system
model, we can obtain a state space representation of the
rotary motion inverted pendulum system which is given as
follows:
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Where, a=Jeq+mr2, b=mlLr, c=4/3mL2, d=mgL,

E=ac—b2, G=nmngKKmK42—BeqgRmRm. The following
table shows the typical configuration of the system.

TABLE 1:
TYPICAL CONFIGURATION OF THE SYSTEM.
Symbol Description Value

J1 Inertia of arm 0.00215058 kg m?
T2 Inertia of pendulum 0.00018773 kg m*
C1 Viscous friction co-efficient 002 ke m?/s

of arm =
C2 Viscous friction co-efficient N o

390 kgm’/s

of pendulum ©
K Motor torque constant 0.01826 Nm /A
K Motor back-emf constant 0.01826 Nm/A
Rm Armature resistance 2.5604 Q

Based on the typical configuration of the SRV02 and the
pendulum system, the above state space representation of
the system can be written as follow:

g1 10 o0 1 0 1[0 0
@l _lo o 0 U fefy| o |,
gl 710 598 -814 -00110||a| " [28.84] ™
il 0 5763 —698 —10584!ls] L2472
2
6
_ al e
y=[0 1 0 0] 4[0{]
@ 3)

Hence, based on the state space equation, it is possible
to derive the following transfer function which describes
the change of angular position of the pendulum with
respect to the input voltage.

1.776e—0145%424.7252-0.000824s
5%40,25%3-49.0852—-427.45 %)

G(s) =

V. FLC Design

The design of fuzzy logic controller can be broken
down into few different components which are the
fuzzification, defuzzification, inference engine, and rule
base. The design takes into consideration of selecting and
processing the inputs and outputs of the controller. In this
paper, the processing of input and outputs of the controller
were emphasized. The fuzzy controller was developed via
the MATLAB and Simulink software operating in
Windows environment as shown in Figure 4.
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Fig. 4. Simulink Block Diagram.

System Block1

Derivative

Mamdani’s fuzzy inference method was utilized in this
research. This method explores the expectations of the
output membership functions to be defined as fuzzy sets.
Defuzzification would be required to define the fuzzy sets
for each output variable into crisp sets throughout the
aggregation process. The universe of discourse of the
variables are defined and normalized to cover the range
described as follows:

a. Error: [-300 300]
b. Rate of Change of Error: [-300 300]
c. Output: [-10 10]

Standard choice of membership functions was selected
with three membership functions for the fuzzy variables.
Gaussian membership function was chosen to represent
error and triangular membership function was chosen to
represent the rate of change of error and output. The three
membership functions defined would generate a total of 9
rules in the rule base (32 =9). Figure 5, 6 and 7 shows the
membership functions for error, the rate of change of error
and output.

neg zero pos
1k -

e e
Y ®

°©
kS

Degree of membership

0zr

-300 -200 -100 o 100 200 300
error

Fig. 5. Initial Membership function for error.
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Fig. 6. Initial Membership function for error integral
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Fig. 7. Initial Membership function for output.

The rule base was implemented by sets of IF-THEN
type of rule. The rules were determined heuristically based
on the understanding of the system. An example of IF-
THEN rule is provided as follows:

IF error, e is negative small (NS) and rate of change of
error, | e is positive small (PS) THEN output is zero (Z).

This rule quantifies the situation where the pendulum is
near to the right of the vertical and it is moving clockwise,
hence a small force (to the right) is needed to counteract
the movement of the pendulum so that it moves toward
zero. Table 2 shows the rules defined for rule base of the
fuzzy controller.

TABLE 2:
RULE BASE FOR FUZZY CONTROLLER.

Rate of Change of Error

Output NS Z PS

NS PS PS zZ
Error Z PS Z NS
PS Z NS NS

Figure 8 shows the rule viewer available in the
MATLAB software. The tuning of the fuzzy controller
was performed by adjusting the range of the input and
output. The rule viewer in MATLAB serves as a guide for
adjustmeemr'ltas to be made. .

o=t Output = 3256.016

1
2

3

TITEERIT
WVUE VAR YA

Fig. 8. MATLAB rule viewer.
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Figure 9 and 10 shows the surface view of rules before and
after the tuning process. The surface view is a plot that
correlates all fuzzy variables into a three-dimensional
figure. Hence, the surface view in Figure 9 and 10
provides an information of the correlation between output
with respect to the error and the rate of change of error.

Fig. 10. Surface view of the rules after tuning.

In order to obtain the crisp sets, the center of gravity
defuzzification method was employed. The crisp value
obtained from the defuzzification is the resultant output of
the fuzzy controller.

VI. Results and Discussion

Figure 11, 12 and 13 show the results of the initial
tuning of the fuzzy controller. Trial and error method was
employed in the tuning process. Analysis of the responses
obtained from the simulations are documented as follows.
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Graph of System Response versus Time
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Fig. 11. Response from error MF tuning.

Figure 11 shows the step response of the system as a
result of the tuning of error membership function. Based
on Figure 11, the input response of the PID controller was
better than the fuzzy logic controller input. The PID
controller was able to perform without any steady-state
error except for the low degree of observable overshoot.
However, the tuning of error membership function did not
yield a satisfactory result whereby a large steady-state
error and bad transient response in terms of settling time
were observed. Hence, the error integral or the output
membership function is tuned to improve the results.

Graph of System Response versus Time
110 T T T T

Response (rad/s)
g
T

0 1 1 L
o H 2 3 4 5

Time (s)
Fig. 12. Response from error integral MF tuning.

Figure 12 shows the step response of the system as a
result of the tuning of the rate of change of error
membership function. It can be observed that the rate of
change of error membership functions tuning yielded a
better step response result. However, the large margin of
steady-state error suggests that further tuning is required
to obtain a better performance.
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Graph of System Response versus Time
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Fig. 13. Response from output MF tuning.

The tuning of the output membership function yielded
a similar response in comparison to the previous tuning as
shown in Figure 13. Since a large steady-state error was
still observable, further tuning is warranted.

The overshoot of the response indicates that a higher
force was exerted by the actuator in the opposite direction
to counter the pendulum motion. The rising time indicates
how fast the system can counteract the disturbance that
caused the pendulum to sway from its equilibrium
position. On the other hand, the settling time highlights the
required time for the system to stabilize when a
disturbance is observed. Hence, the previous results
showed that the fuzzy controller was still unable to
perform well. Further tuning was then performed to
improve the performance.

Figure 14 shows the system performance after the final
tuning whereby all inputs and output were involved. PID
controller yielded a low percentage of overshoot but had a
faster overall rising and settling time. On the other hand, a
reasonable transient response was produced from the
fuzzy logic controller. The fuzzy controller was able to
perform without overshoot although with the expense of a
longer time, and suffered from long rising and settling
time. Figure 14, 15 and 16 shows the different
membership function for error, error integral and output
after the final tuning. There are several modifications done
to the initial membership function whereby each of the
membership function was changed to a triangular
membership function from the initial choice of the
Gaussian and trapezoidal membership functions. Figure
17 shows the system response from the final tuning of the
FLC.
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Graph of System Response versus Time
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Fig. 17. Response from final tuning.

To further analyze the practicality and robustness of the
fuzzy logic controller, the system was tested with square
trajectories with a different duty cycle. 2 trajectories were
tested which is square trajectory of 25% and 50% duty
cycle, respectively. The results were displayed in Figure
18 and Figure 19, respectively.

TABLE 3:

COMPARISON OF CONTROLLER PERFORMANCE
PID Parameters FLC
13 Rise Time (s) 1.7
2.1 Settling Time (s) 23
5 Overshoot (%) 0

0  Steady-state Error (rad/s) 0

From Table 3, it can be seen that PID had a slightly
better transient response. However, it still suffered from
the overshoot. The fuzzy controller was able to perform
without overshoot. Overall, both controllers were able to
yield results without any steady-state error.

It can also be seen that the fuzzy controller was able to
provide a good tracking result with no overshoot. But, the
fuzzy controller was inferior in the transient response. The
fuzzy controller yielded a longer overall transient
response. From the comparison of both trajectory inputs,
fuzzy logic controller performed better when the duty
cycle of the trajectory was increased. It can also be
observed in Figure 19 and Figure 20 that the fuzzy logic
controller performed better in the second rectangular
simulation than the first simulation. This suggests that the
fuzzy controller was able to adapt and performed better
over time. Conversely, the PID controller performed
similarly for each rectangular simulation. Hence, it can be
concluded that the fuzzy controller is more adaptable in
comparison to the PID controller.
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Graph of System Response versus Time
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Fig. 19. Square Trajectory Tracking (25% duty cycle).
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Fig. 20. Square Trajectory Tracking (50% duty cycle).
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Lastly, the system was tested with a triangular
trajectory. The result is presented in Figure 21. The PID
controller was able to track the trajectory however at the
expense of a longer time delay. It can also be seen that the
fuzzy logic controller was able to provide a better tracking
results with minimal steady state error. The fuzzy
controller suffered a lag before tracking adequately when
the triangular stimulus was provided. However, the
tracking performance of the fuzzy controller improved
over time yet maintaining a lower margin of tracking error.
This showed that fuzzy controller is a better controller to
be applied in non-linear systems.

Graph of System Response versus Time
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Fig. 21. Triangular Trajectory Tracking.
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V. Conclusion

This paper introduces the challenges of developing a
practical yet robust controller to the rotary inverted
pendulum. The main challenge lies in the immanent non-
linear characteristics due to the under-actuated nature of
the system which results in the difficulty to control it.
Therefore, this project was embarked to propose a fuzzy
logic controller to control the position of the pendulum.
The presented results show the significance of fuzzy
controller when applied to a non-linear system. The fuzzy
controller showed adequate response when compared to
the PID controller in terms of responding to rectangular
and triangular stimulus. Hence, the trial and error tuning
method was sufficient to provide a satisfactory
performance of the modern controller. Although a
satisfactory performance was obtained, the performance
was not yet robust for the dynamic system of rotary
inverted pendulum. However, the methodology applied in
this project would serve as a guideline for future works on
the controller design for this system.
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